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:
1. $X$ $\{p_{n}\}$ $p_{11}\equiv P_{\Gamma}(X=n)(n^{=}0$ ,
$1_{f}2,$ $\cdots)$ $P(s)$
$P(s) \equiv\sum_{n=0}p_{n}\infty s^{n}=V(s)U(s)$
$V(S)$ ( s) $s$ $V(S)$ $U(s)$
( s) $N(\geqq 0)$ $V(s)$ $M(\geqq 0)$ $V(s)$
1 Feller (vol. 1, 1968 3 ) X
I \S 4 $N<M$ $V(s)$
$p_{n}$ $parrow\infty$ p
25
N$\geqq$ M $V(s)$ $=$
p $arrow\infty$ $V(s)$ $U(s)$ $s$
2.
$M=0$ $P(s)$ $s$ ( s) $\{p$
$n\}$ $U(s)$
( $M>0$ ) $V(s)=0$ ( ) $m$ $s_{1\prime}$
$s_{2}$ , $Js_{m}$ $\Gamma_{1},$ $r_{2\prime}\Gamma_{m}$
$V(s)=(s-s_{1})_{1}^{r}(s-s_{2})_{2}^{r}\cdots(s^{-}s_{m})_{m}^{r}$




$I=1,$ $\cdots,$ $m$ $\tau 0^{(i)}\neq 0$ $\Sigma$ $N\geqq$
M $P(s)$ N$<$ M $V(s)$
$s_{1}$
$s_{2}$ $r_{2^{=}}l\cdot 1$ $\tau j^{(2)_{=}}\tau j^{(1)}(j$
$=0_{J}1,$ $\cdots,$ $r_{2})$
$lr$ $|s|<1$
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1$-= \sum_{1(1-s)^{k}1^{=0^{n+k-1}}}C_{n}s^{k}$
$t=1,$ $\cdots,$ $\Gamma$ $|s|<|si|$
1 1 1 1 $s$
$-=( arrow t-=(-){}^{t}\sum_{n=0^{n+t-1}}C_{n}(-)^{n}$









n $>$ N–M $0$
$i=1_{\prime},$
$’$
$V(s)$ ( s) Feller
$\rho j(i=0, \cdots, N-M)$ $U(s)$ $V(s)$ ( s)
M $\rho j^{=}$ $j+M$) (0) $/(j+M$ ! $(i=$
$0_{\prime},$
$’$








$Q_{i}(s_{i})=\tau_{0^{(i)}}$ ; $( s_{i})=(-1)_{i}^{r}\tau_{0^{(i)}}V^{(r)}(s_{i})\Gamma_{i}!$
$Q_{i}(s)$ $s\neq s_{i}$ $s=s_{1\prime}s_{2,}s_{m}$ $s=s_{i}$
$lin’-= \lim_{sarrow-,s_{i}s-s_{i}}=Q_{i}(s)-Q_{i}(s_{i})(s_{i}-s)^{r}P(s)-\tau_{0^{(i)}}\tau_{1}^{(i)}$




$narrow\infty$ $p_{n}$ $V(s)=O$ $r_{1}$
$V(s)=0$ $s_{1}$ $s_{1}$ Feller (vol. 1
3 ;1968; XI \S $4;276\uparrow 7-277\downarrow 7$ )
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$\tau 0^{(1)}$ $n+r_{1}-1$
$p_{n}\sim-$ $($ $)$ $(narrow\infty)$
$r+n$
$s_{1}$ $1$ $\tau_{1}-1$








$a$ $b$ $\infty a(n+1)$ $b$
$-+-=n=0\Sigma\{-+-\}s^{n}$





2 $n$ $2^{n}$ $2^{n}$
$n+r-j-11C_{n}(j=1, \cdot\cdot\prime r_{1}-I)$ n $+$ r $-11C_{n}$ $n$
$s_{1}$ $s_{2}=s_{1}$
$p_{n}$





$p$ ($=$ ) $P(s)$
(3. 1) $P(s)=-p$
1 $-qs$ 1
$0<p\leqq 1$ $q\equiv 1-P$
$|s|<1/q$ $s$ $P_{1}(s)$ $s=1/q$
$s$ $p=1$
( $X$ 1 $x=0$
) $P_{1}(s)$ $s$ 1 $(p=0$
$X$ 1 $X$
$=\infty$ ) (3. 1) $P_{1}(s)$ $(0<p<1$ $)$
1 $(s=\pm l/q)$ $P(s)$ $P(1/q-0)=+\infty$
$P_{1}(I/q+O)=-\infty$ $P_{1}(\pm\infty)=0$ $P(-I/q)$
$P_{1}(-1/q)=p/2$ ( ) ($=$ ) $|s|\geqq 1/q$ $P_{1}(s)$
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?




1 $-q$ . $s$ 1 $-q_{2}s$
$0<p_{1}<p_{2}\leqq 1$ $q_{J}\equiv 1-p_{1},$ $q_{2}\equiv$
$1-p_{2}$ $1\leqq 1/q_{J}<1/q_{2}$ $\lambda 1$ $\lambda_{2}$
$\lambda 1^{+}\lambda 2^{=}1$ (3. 2)
(3.2’)
$P(s)=(\lambda_{1}p_{1}+\lambda_{2}p_{2})-(\lambda_{1}p_{1}q_{2}+\lambda_{2}p_{2}q_{1})s$
$P_{n}(s)$ $U_{n}(s)/V_{n}(s)$ $V_{n}(s)= \prod_{k}(1-q_{1\sigma}s)$
$U_{n}(s)$ $(n-1)$ $s$ $r_{k}^{(n)}$ $(1/q_{1}<$
$\Gamma_{1}$ $(n)<1/q_{2}<r_{2}^{(n)}<\cdots<t_{n-1^{(11)}}<1/q_{n})$ $lc=1,2,$ $\cdots\prime n-1$

















$0<j_{\backslash }$ $+1<1$ $U_{n}(s)$ $(p-1)$
$1/q_{1}<r_{1}^{(n)}<1/q_{2}<r_{2^{(n)}}<\cdots<r_{n-1}^{(n)}<1/q_{n}$ $r_{k^{(n)}}(1\zeta=1$ ,
2, $\cdots\prime n-1)$ $p_{n+1}=1-q_{n+1}$ $F$ $P_{n}$ 1 $1/q_{n}<I/$
$q_{n+1}$ $r_{k^{(n)}}<1/q_{\iota u+1}$ $U_{n+J}(r_{k^{(n)}})=\lambda_{n+}{}_{1}P_{n+1}V_{n}(r_{k^{(n)}})$




$=1,2,$ $\cdots\prime n-l$ $P$ $+1(r_{k}^{(n)})=\lambda$ $+1P_{n+1}/(1-q_{n+1}r_{k^{(n)}})>0$
$\epsilon$ $P_{n+1}(1/q_{k}+\epsilon)=(1-\lambda_{n+1})P_{n}(1/q_{k}+\epsilon)+\lambda_{n+1}p_{n+1}/(1-q$
$n+1(1/q_{k}+\epsilon))<0(.\cdot P_{n}(1/q_{k}+0)=-\infty)$ $(1/q_{1(},$ $\Gamma$
$k(n))$ $P_{n+1}(s)$ $r_{k}^{(n+1)}$ $(1/q_{n},$ $1/q$










$|s|<I/q$ (3. 5) $s$
$P_{4}(s)$ $s=1/q$ 2
$s$ $p=1$ (
$0$ $X$, Y $0$ ) $P(s)$ $s$ 1
(3. 5) $(0<p<1$ $)$ 4 $(s=\pm 1$
$/q)$ $P_{4}(s)$ $P_{4}(1/q\pm O)=+\infty$ $P_{4}(\pm\infty)=0$ $P(-1/q)$


















$q$ $P_{5}(+\infty)=0$ $j_{f}$ $P_{5}(s)$ $P_{5}(1/$
$q+O)=\infty$ $k$
$P_{5}(1/q+O)=-\infty$ $P_{5}$
$(s)$ $]_{\zeta}$ 1 $k$
4
(5) ($=$ ) $P_{1},$ $p_{2}$
(mixture) $P(s)$
$\prime_{\iota}1p_{1}^{2}$ $\lambda_{2}p_{2}$ 5 ( $1/q_{1}<1/q_{2}$ :





















$=\lambda_{1}^{2}p_{1}^{4}q_{2^{2}}-4$ ;. 1 $\lambda_{2}p_{1}^{2}p_{2}q_{1}(q_{1}-q_{2})$
$=\lambda_{1}p_{1}^{2}\{\lambda_{1}p_{1}^{2}q_{2}^{2}-4\lambda_{2}p_{2}q_{1}(q_{1}-q_{2})\}$





$5$ 6 $1/q_{2}<1/q_{1}$ $D>0$ $1/q_{1}<s$
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$P_{6}(s)$ $s$
$P’ 6(s)$ $P_{6}^{\nu}(s)$ 5(a) $q_{1}=1/$
$2,$ $p_{1}=1/2,$ $q_{2}=1/3,$ $p_{2}=2/3,$ $\lambda_{1}=0.9,$ $\lambda_{2}=0.1$ $U_{6}(s)$ $s=7/$




$a\neq 0,$ $D\equiv b^{2}-4$








$V(s)\equiv a$ $s^{2}+bs+l$ $\alpha+i\beta(\beta\neq 0)$
$\alpha-i\beta$
$V(s)=(1-s/(\alpha+i\beta))(1-s/(\alpha-i\beta))$
$s^{2}$ $s$ $a=1/(\alpha^{2}+\beta^{2})>0,$ $b=-$
$2\alpha/(\alpha^{2}+\beta 2)$
$\gamma+i\delta$ $\gamma-i\delta$
(3. 9) $P(s)=-+-$1 $-s/(\alpha+i\beta)$ 1 $-s/(\alpha-i\beta)$
2 $\gamma-2(\beta\delta-\alpha\gamma)s/(\alpha^{2}+\beta 2)$ 2 $\gamma-2(\beta\delta-\alpha\gamma)s/(\alpha^{2}+\beta 2)$
$(1 -s/(\alpha+i\beta))(1-s/(\alpha-i\beta))$ 1 $-2\alpha s/(\alpha^{2}+\beta 2)+s^{2}/(\alpha^{2}+\beta^{2})$
$e=2\gamma(=P(0)\geqq 0)$ $d=-2(\beta\delta-\alpha\gamma)/(\alpha^{2}+\beta^{2})$
$r\equiv\sqrt{\alpha^{2}+\beta^{2}}$ $\omega\equiv(\alpha+i\beta)/r\equiv cos\theta+Isi_{l?}\theta$ ( $\theta$ $\alpha$ ,
$\beta$ $0\leqq\theta<2\pi$ ) $\theta=0$ $\beta=rsi_{I1}\theta=0$
$P(s)$ $|s/(\alpha\pm i\beta)|<1$ $|s|<1^{-}$
$\gamma+i\delta$ $\gamma-i\delta$$P(s)=-+-$




$= \sum_{n=0}(1/r)^{n}2(\gamma cosn\theta+\delta sinn\theta)s^{n}$






) $p$ $=2\tau’si_{1?}(\theta +n\theta)/r^{n}(n=0,1,2, \cdots)$
$p_{n}\geqq 0$ $(n=0,1,2_{J}\cdots)$
$n=0,1$ , 2, $0\leqq(\theta’+x1\theta)$ (mod 2 $\pi$ ) $\leqq\pi$
$\theta=0$ $0<\theta<2\pi$ :
$\{(\theta’+n\theta)$ (mod 2 $\pi)$ : $n=0_{J}1,2,$ $\cdots\}$ $\theta$ $\pi$
$p_{n}$





(3. 10) $|s|<1/q_{1}$ $s$
7
$p_{2}q_{1}$ $p_{1}$ $p_{1}q_{2}$ $p_{2}$
$P(s)=$
$q_{1}-q_{2}$ 1 $-q_{1}s$ $q_{1}-q_{2}$ 1 $-q_{2}s$
$p_{n}=-p_{1}p_{2}q_{1}q_{l^{n}}--p_{2}p_{1}q_{2}q_{2^{n}}( n=O$ $1, 2, ’\cdot\cdot)$
$q_{1}-q_{2}$ $q_{1}-q_{2}$
:William Feller, An Introduction to Probability Theory and Its Applications, Volume
I Third Edition, Revised Printing, John Wiley&Sons, Inc. , 1968.
: Mathematica
1 $1/q$
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